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ABSTRACT

This report presents an analysis of laminar regions of shock wave -
boundary layer interaction in highly cooled supersonic and hypersonic flows.
In this analysis the integral forms of the boundary layer equations are used
to describe the development of the viscous layer and its interaction with
the outer inviscid flow. The boundary layer equations governing conserva-
tion of mass, momentum, moment of momentum, and energy are solved
simultaneously by numerical integration to yield a continuous solution over
the entire interaction. The parameters required to define the properties of
a specific interaction are the wall-to-stagnation temperature ratio, the
Mach number of the free stream, the free-stream Reynolds number based
on the length of the flat plate or the distance to shock impingement, and the
Mach number downstream of the interaction (as defined by inviscid flow
considerations). This method enables the detailed distribution of pressure,
skin friction, and heat transfer to the walls bounding the interaction to be
calculated. Further, the method describes the form and detailed develop-
ment of the velocity and enthalpy profiles throughout the interaction region.

The theory has been applied to calculate both wedge- and shock-
induced interactions for comparison with previously published experi-
mental data for a Mach 6 airflow over an adiabatic wall and a Mach 10
airflow over a highly coéled wall. The theory is in good agreement with
experimental surface pressure and heat transfer distributions through

shock-induced separated regions over a highly cooled wall in a Mach 10



airflow obtained by Holden. For the limiting case of an adiabatic wall, the
present solutions for the Mach 6 flow are in excellent agreement with a
theory proposed earlier by Lees and Reeves, and with the experimental
pressure data of Sterret and Emery.

A study has been made, using this theory, of the way in which the
properties of an interaction change when the strength of the adverse
pressure gradient inducing the interaction is varied., The theory .has also
been applied to calculate the incipient separation conditions for a laminar

boundary layer.
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'I. INTRODUCTION

The interaction between the growth of a boundary layer and the

local inviscid stream may significantly modify the performance of com-
pression surfaces such as flaps, flared junctions and intakes on hyper-
sonic re-entry vehicles designed on the basis of inviscid flow calculations.
In supersonic and hypersonic flows, laminar regions of shock wave -
boundary layer interaction of significant proportions can be created by
relatively small adverse pressure gradients. The strength of such inter-
action is often sufficient to cause boundary-layer separation, thus creating
a region of shock-induced separated flow which markedly distorts the dis-
tribution of pressure, skin friction, and heat transfer on the compression
surface. The occurrence of laminar attached and separated viscous
regions in hypersonic flows over a large range of Reynolds numbers makes
the analysis of these regions of considerable practical importance.

This paper presents a theoretical analysis of laminar shock wave -
boundary layer interaction in highly cooled hypersonic flows, The type of
flows studied are those which have been induced by the 'free'' interaction
between a viscous layer and an outer inviscid hypersonic flow. Two general
situations are considered in which such flows are generated. The first
situation is the flow over a body-flap junction, termed wedge-induced inter-
action, where the adverse pressure gradient propagating upstream through
the subsonic portion of the boundary layer causes boundary layer thickening
and interaction with the outer inviscid flow. The second situation, termed

shock-induced interaction, is caused by an obligque shock impinging on a




boundary layer. The present analysis encompasses both attached and sep-
arated flows produced in these situations.

Despite the relative simplicity of the laminar flow model, the com-
plexity of the flow mechanism in such separated regions makes any rational
analysis a formidable task. The problem is one of adequately describing
the development of the flow in the attached and separated viscous layers,
including the interaction between the viscous region and the external inviscid
stream.

In the present analysis, the integral forms of the laminar boundary-
layer equations are used to describe the development of the viscous layer
and its interaction with the outer inviscid stream., The velocity and en-
thalpy profiles in the highly cooled attached and separated regions are
represented by the upper and lower branch solutions, respectively, of the
compressible flow analog to the Falkner-Skan equations. The boundary-
layer equations governing conservation of mass, momentum, moment of
momentum, and energy are used to describe the viscous flow., Expressing
the basic partial differential equations in their integral form reduces the
problem to the solution of four ordinary, nonlinear differential equations.
These equations are solved simultaneously by numerical integration on a
digital computer to yield a continuous solution over the entire interaction
region. The input parameters required to define the properties of a speci-
fic interaction are the wall-to-stagnation temperature ratio, the Mach
number of the free stream, the free-stream Reynolds number based on
distance to hinge line or shock impingement, and the Mach number down-

stream of the interaction (as defined by inviscid flow considerations).



The analysis describes both wedge- and shock-induced interactions. This
method enables the distribution of pressure, skin friction, and heat
transfer to the walls bounding the interaction to be calculafed. Further,
the method describes the form and detailed development of the velocity and
enthalpy profiles throughout the interaction region.

The present theory has been applied to calculate both wedge- and
shock-induced interactions for comparison with previously published exper-
imental data for both adiabatic wall and highly cooled wall cases, For the
limiting case of shock-induced separated flows over an adiabatic wall, the
energy equation is redundant since it is automatically satisfied throughout
the interaction. Thus, the adiabatic wall problem is simplified to the solu-
tion of the continuity, momentum, and moment of momentum equations.
The present golutions for an adiabatic wall are compared with the Lees-
Reeves analysis as well as with experiniental pressure data for a Mach 6
airflow,

For the highly cooled wall case, the present theory has been com-
pared with experimental measurements of surface pressure and heat
transfer for shock-induced separated regions in Mach 10 airflow. The
theoretical predictions are in excellent overall agreement with the
measurements.

The variation in size, shape, and properties of an interaction
region as the strength of the adverse pressure gradient is varied is of
considerable importance. A series of calculations was therefore made
using the present method to study the change in pressure, heat transfer,

and skin friction distributions as the strength of the interaction was varied.



The final application of the present theory has been to study condi-
tions u.nder which a flow will just separarte, i.e., the case of incipient
separation. Criteria for determining incipient gseparation in previous ex-
perimental studies have been based on changes in the form of the skin
friction, pressure, and heat transfer distributions as the strength of the
interaction was increased. These criteria, previously based only on ex-
periment, are strongly supported by the present study.

In the next section of this report,the qualitative features of the flow
in regions of shock wave - boundary layer interaction are discussed.
Theoretical models which have been derived previously to describe these
flows are then briefly reviewed. The formulation of the basic equations
used in the present analysis and the method by which these equations are
solvedare described in Section 3. Section 4 contains the application of the
analysis to regions of shock wave - boundary layer interaction over an

adiabatic wall and with wall heat transfer.

2. BACKGROUND OF THE PROBLEM

2.1 Qualitative Features of the Flow

Before discussing previous analyses, it is appropriate to review
briefly certain basic qualitative features of both shock-induced and wedge-
induced interactions.

A schlieren photograph and schematic diagram of shock-induced
separation, i.e.,, separated flow induced by an oblique shock impinging on

a laminar boundary layer, is shown in Fig. 1. The externally generated



shock causes a pressure rigse which is fed upstream through the subsonic
portion of the boundary layer. This causes the boundary layer upstream
of the point of shock impingement to thicken under the adverse pressure
gradient, finally separating when the skin friction at the surface is reduced
to zero. The interaction between the viscous and inviscid flows in the sep-
aration region causes a seriés of compression waves which coalesgce to
form the separation shock. The externally generated shock is reflected
from the separated viscous layer as an expansion fan because the imbedded
subsonic separated region cannot sustain a sudden pressure rise. The net
pressure rise through the incident shock and expansion fan is small, The
incident shock and expansion fan cause the outer inviscid flow adjacent to
the separated layer to turn back towards the flat plate. A compression fan
is formed as the flow turns parallel to the flat plate which coalesces to
form the reattachment shock. The boundary layer reattaches to the plate
and continues to thin until the neck region of the interaction is reached,at
which point the viscous layer has a local minimum. Downstream of the
neck,the viscous layer grows in the adverse pressure gradient until the
pressure at the end of the interaction reaches a value equivalent to a com-
pression of the free stream through twice the angle of the shock generator.
Wedge-~induced separated regions are similar in many ways to
those generated by an external oblique shock. A schlieren photograph and
a schematic diagram of the geparated flow over a flat-plate wedge model
are shown in Fig. 2. The pressure disturbance caused by the wedge is fed
upstream through the subsonic portion of the boundary layer causing it to

thicken, thus producing a decrease in the momentum of fluid adjacent to



the flat plate. The flow separates ahead of the wedge with the formation of
a separation shock, Experiment has shown that the shock wave - boundary
layer interaction in this region is very similar to the phenomena observed
in the externally generated shock-induced flow. Following the strong inter-
action in the separation region is a region of approximately constant pres-
sure, the plateau pressure, which corresponds j:o a similar region close

to shock impingement in the externally generated shock-induced flow., As
the free shear layer approaches the reattachment point it begins to turn
parallel to the wedge causing a strong interaction between the viscous and
inviscid flows. The compression fan produced in this region coalesces to
form the reattachment shock. Downstream of reattachment, the boundary
layer reaches a local minimum in the neck region after which it slowly re-
verts to a self-similar growth well downstream of the interaction. From
isentropic inviscid flow considerations, it is easily shown that the total
pressure rise across an interaction induced by a shock generator angle, o ,
is equal in magnitude to the pressure rise across an interaction on a flat-
plate wedge configuration with a wedge angle, 2 . For these geo-
metrically equivalent models, experiment has shown that both pressure

and heat transfer distributions are very similar. The model proposed here
can be used to analyze either of the types of shock-induced separated

regions discussed previously,

2.2 Previous Analyses

The previous theoretical studies of separated regions induced by
shock wave - boundary layer interaction are based on boundary layer equa-

tions. Techniques which had been used to analyze unseparated boundary



layer development were tentatively extended in attempts to analyze gsepa-
rated regions. Because of the complexity of the problem, almost all the
approaches have treated the problem using momentum integral methods.

The Karman-Pohlhausen1 momentum integral method has been used
by a number of authorsz’ 3 to analyze regions of shock-induced separated
flow. The basic assumption used in the Karman-Pohlhausen method,
namely, that the velocity profiles are uniquely determined by the local pres-
sure gradient parameter A(X) |:= ;617 gf], results in a Blasius-type pro-
file in the constant pressure separated region between the separation and
reattachment points. In contrast, experiment has shown that the flow in
the region between separation and reattachment must be characterized by
velocity profiles which exhibit reverse flow, and the interaction between
the external flow and the viscous separated region must result in the char-
acteristic plateau pressure found in the experimental studies.

As a consequence of the failure of the preceding techniques, sub-
sequent methods have utilized characteristic parameters which are not re-
lated directly to the local static pressure distribution. The Croc:co-Lees4
method was the first of such analyses. Rather than directly satisfy the
momentum equation at the wall, the authors introduced a conservation
equation relating the entrainment of mass from the external inviscid flow
into the boundary layer to a mixing rate parameter, Croccos, and also
Bray, Gadd, and Woodger3 have used this method to study the properties
of shock-induced separated flows, employing the lower branch solutions of
the Falkner-Skan equations to specify the mixing rate function. Although

the solutions obtained from these analyses were in general agreement with



experimental results, certain anomalies exist, the most obvious a local
decrease in the static pressure just upstream of the reattachment compres-
gion rise. This dip in the pressure distribution is indicative of an expan-
sion process upstream of shock impingement, a feature not observed in
experimental studies.

This discrepancy between theory and experiment was further ex-
amined by Glick6. He found that if the mixing rate parameter were speci-
fied from experiment rather than from the Falkner-Skan solutions, the re-
sulting theoretical pressure distributions were in very good agreement
with experiment. Since the mixing rate parameter was determined from
a limited amount of experimental data in flows over an adiabatic wall,
there is no means of determining ""a priori'" whether the analysis is valid
at different Reynolds number, Mach number, or wall cooling conditions.

To formulate a solution which eliminates the semi-empirical

features of Glick's form of the Crocco-Lees technique requires additional

basic equations., In this way the momentum equation at the wall,(%f:f—r),
7

need not be utilized, and the velocity and enthalpy profiles in the interaction
region can be related to independent parameters which are not associated
directly with the static pressure distribution. An analysis based on this
concept was introduced by Ta.ni7 who formulated the first moment of momen-
tum (or kinetic energy) equation, Tani used a quartic representation to
describe the velocity profiles of an adiabatic flow in an adverse pressure
gradient. The nondimensionalized velocity gradient at the wall was chosen
as a parameter. Solutions based on Tani's method have been found to be

in very good agreement with more accurate methods based on direct



solutions to the partial differential equations of the boundary layer. Poots
improved and extended Tani's method to analyze the development ot a com-
pressible laminar boundary layer in a prescribed adverse pressure gra-
dient over highly cooled walls. By introducing the energy equation,in
addition to the momentum and moment of momentum equations used by
Tani, Poots was able to specify an enthalpy profile through the boundary
layer. The enthalpy gradient at the wall was chosen to specify a particular
quartic profile, Simultaneous solutions to these equations were compared
with power series solutions of the corresponding partial differential equa-
tions and were found to be in excellent agreement for the case of linearly
retarded, highly cooled flow.

Abbott, Holt, and Nielson9 studied shock-induced separated regions
by using the analytical technique developed by Poots. They also used
quartic profiles to represent the distribution of velocity in the attached and
separated regions of the flow. For adiabatic flows, the theory was in good
agreement with experimental measurements of the static pressure up to the
separation point. Downstream of separation the theory did not predict the
characteristic plateau found in their experiments. In highly cooled flow,
the disagreement was more startling since their theory predicted heat
transfer from the walls to the flow in the separated region.

Both Sava.ge2 and Lees and Reeves10 associated the failure of the
method proposed by Abbott, et al, with the assumption of quartic profiles
to represent the velocity distribution in an adiabatic separated region.
They suggest that the velocity in the separated and attached region would

be better represented by a family of solutions based on the compressible



flow analog of the Falkner-Skan equations, or by velocity profiles based on
two parameters, The first of these alternatives is used in the latest
analysis developed by Lees and Reeveslo. They utilize the Crocco-Lees
form of the continuity equation, the momentum and moment of momentum
equations to describe the development of the viscous flow and its interaction
with the outer inviscid stream. For attached flows, the velocity and
enthalpy profiles are assumed to be a unique function of the nondimensional
velocity gradient parameter evaluated at the wall. The profiles are as-
sumed to be independent of the pressure gradient parameter with which
they are associated in the Cohen and Ree:hotko11 solutions. Lees and
Reeves found very good agreement between their theoretical calculations
and experimental measurements for shock-induced separated regions over
an adiabatic wall in Mach 2. 67 and 6 airflows.

Lees and Reeves also reintroduced the concept of supercritical
boundary layers originally postulated by Crocco5. They found that the lam-
inar boundary layer over a highly cooled wall in hypersonic flow was super-
critical in the absence of a pressure gradient. Thus, this boundary layer
should thin if an adverse pressure gradient were imposed. Such behavior
is in direct contrast to high-speed flow over an adiabatic wall where the
boundary layer is subcritical10 and thus is thickened by an adverse pres-
sure gradient. The result implies that for the flow to separate in a highly
cooled laminar boundary layer in hypersonic flow, there must be a sudden
transition or jump from the supercritical to the subcritical boundary layer
condition ahead of the separated region. Experimental measurements re-

ported by Holden12 for shock-induced, highly cooled separated regions in

10



a Mach 10 airflow were for conditions in which the laminar boundary layers
in the abgence of a pressure gradient were supercritical in the Lees and
Reeves formulation. These measurements indicated that the adverse pres-
gure gradient in the separation region was propagated approximately five
boundary thicknesses upstream of the separation causing the boundary
layer to thicken gradually over this region. Clearly, this represents a
discrepancy between theory and experiment.

In the initial stage of the present study this apparent discrepancy
was investigated by examining the Lees and Reeves equations governing
the definition of subcritical and supercritical flows. Calculations were
made with the edge of the boundary layer defined by £’ =0.95, 0.99, and
0.995 to determine the integral properties upon which the above equations
depend. It was found that these integral properties were inaccurately repre-
sented. Further calculations using more accurate integral properties in-
dicated that laminar boundary layers in the absence of a pressure gra-
dient are always subcritical regardless of the magnitude of the wall cooling.

The Lees and Reeves formulation, together with the new integral
properties, were then used to calculate the distribution of pressure and
heat transfer for comparison with the experimental results in hypersonic
highly cooled flows described by Holdenlz. Although the integration pro-
ceeded smoothly from the beginning of the interaction through the separa-
tion point, the theoretical results were not in agreement with the
experimental measurements. The most obvious difference between theory
and experiment occurred in the separation region where the experimental

measurements showed that the heat transfer decreased below the flat plate

11



value, whereas the theory predicted an increase in heat transfer in this
region.

This discrepancy between theory and experiment can be attributed
to the fact that in high Mach number flows over highly cooled walls the
energy which is dissipated in and convected across the viscous shear layer
significantly influences the development and structure of both the attached -
and separated shear layer. Thus, it is important that the energy equation

be satisfied in this region.

3. PRESENT ANALYSIS

3.1 Formulation of the Integral Equations

Because of the complex nature of the model necessary to adequately
describe the flow in the separated and unseparated shear layer, the equa-
tions of conservation of mass, momentum, moment of momentum, and
energy must be satisfied throughout the interaction. We invoke the usual
boundary layer approximation that the pressure gradients normal to the
surface are negligible compared to streamwise gradients. Although this
assumption is justifiable in the separated region and well upstream and
downstream of separation and reattachment, respectively, the flow curva-
ture in the vicinity of the separation and reattachment point of shock-induced
separated flows may cause considerable transverse pressure gradients.
The validity of the assumption of a relatively small pregsure gradient must

ultimately be determined by comparigon with experiment,

12



The growth of the shear layer in the region under study is governed
by the interaction between the external inviscid flow and the viscous layer.
By considering the mass entrained from the inviscid stream into the viscous

shear layer, Crocco and Legas4 obtained the conservation equation -

Ao _ dS” ke
T 0= 5 = I;‘ L (Pt ][ X dy{l (3.1)

where O 1is the local inclination of the streamline at the edge of the boundary

layer and v, and U, are vertical and horizontal components of velocity,
respectively, at a given longitudinal location. Transformation of Eq. (3.1)
into the incompressible plane by applying the Stewartson-Illingworth trans-

formation and assuming an isentropic compression process gives

avo- 8 e b O] sl ¢
K?i"' (’ o 37'
+dx +[ \7’— I-f-me )Sw
M:-I ] % u_ (+m at
+ 7 (1 +mg) 8: J‘ 7 dY] [: L M] Sy

e

which, upon simplification, becomes

~ *® d/‘/ d_ ~Y0
27, Cdx (I 8 )r S+ F 7 (tn M‘)=¢——‘—.(5,;”)M, pe (3.2)
where
¢ = H+C”‘+I)(I + Swt)
e
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= * _hﬁg.. (’ C)
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(e y 3 (Hvrz) dt
Wes ) g Y P25 R
[}
and
7-1) 2 6; K I Y,
'me=(—2—)-Me5 H=§i—5 T= * ) t=6" ’ Me= ¢:
where )

In the present model it is assumed that the interaction between the
viscous and inviscid flow causes a series of isentropic compression and
expansion waves. Thus, the angle 6 of the streamline at the outer edge
of the viscous layer is related to the local inviscid flow Mach number, Mg ,

by the Prandtl-Meyer relationship

-9-= ; (Me) -—:)-REF

30)of 2L {2 foit -2 S5

and Y is evaluated at a reference condition where 6 =z0-

where
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Therefore,

Be (:14:) .m,((lzin;_),) /t‘""[”(M ) REF:,

Using the usual boundary layer equations

}- Re 4«

"'o

Continuity
2 _ o = 3.
£ (pu)+ a?, (pP~) =0 {
Momentum
du du a4 p P Su
e g trialm]
22 -,
7
Energy
oh h_ 2 , o [~ S’A) e )‘
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P =P Pwaf 2z ayk;; Pe ey (
together with Stewartson-Illingworth transformation
a, P
dX=) 25 dx and Y =
Sy oL c -y = L
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where /a./a_mz l(‘t/z") and (as in Ref. 11) A = 7 (j ::Z"U/\

we obtain the analogs of the incompressible form of the boundary layer

equations
=2y V. _
a3x T3y =09 (3.
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v ax *Vay T B BrT (3.9)

These equations are reduced to a system of first order, nonlinear,
ordinary differential equations by integrating each equation, term by term,
across the thickness of the boundary layer. Thus, we generate the
integral forms of the boundary layer equations.

Integrating Eq. (3. 8) across the boundary layer and using Eq. (3. 7),

we obtain

2 *
2p,) ) Iy .
( +z[2+%.+5_»é£Je 2% _ 236 [3]

u . =
e £ dx v o
a X Y Yeo

>

R (3.10)

the integral form of the momentum equation.
Integrating Eq. (3.9) across the boundary layer and using Eq. (3. 7),

we obtain the integral form of the energy equation

k) » ¢u
Ue7:’_+2'< 2.2) K "Y ( ) (3.11)

Multiplying the momentum Eq. (3.8) by U and integrating across

the boundary layer, we obtain the kinetic energy or moment of momentum

equation
4(9.") 2 2),
£ _!(__ ‘e
Ve <X é* )9 X =t £ ) 4y (3.12)
where

* 5; v l: (U ‘]
6, = — |l =5 aY
< i‘ Ue Ue)

Rewriting these equations into a form similar to the continuity,

(3.2), gives

4 X dH _ Yo
HZS(‘L""SL"'[ZH*”Swt]dx ,ZrbM +dx = a_ Me(s,;*)z P (3.13)
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the momentum, kinetic energy, and energy equations, respectively,

where
6
S. /fdU
. S 0 _
TeE Pt \av/, * R= f( )dY
d /S * K T
AL TR e ey

Equations (3.2), (3.13), (3.14), (3.15) are four simultaneous, nonlinear,
ordinary differential equations which are functions of the displacement

*
thickness, & , the Mach number, M

), e @ Just outside the boundary layer,

and the velocity and enthalpy profiles.

Solving these equations simultaneously, we obtain

8 dM, ! m,(H, T, M,, ¢)
( =" 6) e (4,7, M,) (3.16)
5 4H My (T Me 5 8)

,~ ax (4 M “) C(HTMQ) (3.17)

_ B My(H,T, Mer @)
dx (a,,Me a;.) C(H, T, M,)

(3.18)

»

a0
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54T My(H, T, Mg, 9)

L AX (a, M 2y M, 8 ) CH, T, Me) (3. 19)

where

-r{ P2 -2)+a (2L J)} +(7”—',,%z-96+5wf)@"’§7/{

+(P+3)(J’-H —d—H-
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-H(z J'+ZS“,T)]}+ "’:,;:'] s, t+) [(3 T+25,T)P

“R@H+I+S,t)| +(P+g) [H(3T+28,T) -F T]
+[F-GHe1es,2)] [RH + 3, ]
{ [(2/-/+/+s 0L +(7r25,T)] +T(R-P )}
Wp+g) [F 45 ~67v25,7)
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My = (25 e, t){‘” Gasivs,q + pT]

EF'R+QCSJ+25 T)]} é,H-l-l-fS t)] I:J'Q+TR
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The integral parameters, H, J, T, t, etc., are functions of
the velocity and enthalpy profiles, Therefore, before we can evaluate
these parameters, we must first select a system of velbcity and enthalpy
profiles to represent the form and development of the flows in attached
and separated shock-induced regions. Further these profiles must be

related to parameters of intrinsic importance to the problem.

3.2 The Velocity and Enthalpy Profiles

The integral equations can be solved only if the velocity and
enthalpy profiles can be prescribed. In the conventional application of
the mot:nentum integral technique, the distribution of velocity and
temperature are represented by polynomials. The quartic representation
introduced by Tani7 is one form which has been used successfully

in a number of analyses 8

to describe the development of an
attached layer in an adverse pressure gradient. As described in Sec. 2,2,
Abbott, Holt, and Nielsson9 attempted to use this representation to
describe the boundary layer development in an adverse pressure gradient

induced by shock wave - boundary layer interaction in an adiabatic flow.

Although their solutions were in good agreement with experimental
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measurements up to the separation point, the calculations predicted a
peak pressure in the separated region just upstream of the reattachment
compression process which was inconsistent with the results of experi-
mental studies, including their own., Lees and Reeves showed later that
this anomalous pressure distribution in the separated region was an
inherent feature of the single parameter quartic representation. Measure-
ments by Hakkinen et a.l13 of the distribution of velocity in a shock-induced
separated region showed that when the boundary layer separates from the
surface, the shape of the velocity profile above the zero velocity stream-
line is preserved as the shear layer grows. However, the velocity

profile in the reverse flow region develops in a nonsimilar manner, with
the maximum velocity in this region first increasing and then decreasing
as the velocity distribution changes in form. A velocity distribution

based on a single parameter polynomial profile cannot be expected to
represent the complex development of this viscous layer. A more accurate
representation of the distribution of velocity in the separated region.could
be achieved by introducing polynomial profiles dependent on two or more
parameters, or by representing the velocity above and below the zero
velocity streamline by a different family of profiles. In either case, we
require a further moment of momentum equation to specify the second
parameter, thereby introducing further complexity into an already complex

situation.



Lees and Reeves10 found that the lower branch solutions to the
Falkner-Skan equations gave velocity profiles with reverse flow which
exhibited approximately the same form as those found in experiment. By
relating the velocify profiles to the nondimensionalized velocity gradient
at the surface rather than to the pressure gradient with which they are
associated in the Falkner-Skan solutions, they found that the qualitative
development of the profiies in the separated region was in agreement with
experiment. By linking the velocity and the enthalpy profiles through the
solution to the Falkner-Skan equations, they were able to obtain a single-
parameter family of profiles to represent the flow in attached and

geparated regions.

The Falkner-Skan solutions which represent the incompressible
boundary layer development over a wedge were generalized by Cohen and
Reshotko11 to describe these boundary layers in compressible flow. By
defining the variation of velocity in the external flow field by U, = ¢x »

and choosing similarity parameters

_ 2
Y =£(7) el J, U, X
_Y Mg+ Ue X
=% 2 ) ’

the boundary layer equations reduce the ordinary differential equations

2°f Z*f 6; Y
473 + <F dl?" "'ﬁ I-IS' - "'7_> =O (3. 20)
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(3. 21)

where Pr =1, ,5 = [Zm/m-fl] and -F':—Uq— =%— .
e

A series of numerical solutions to these equations were obtained by
Cohen and Reshotko11 for a number of wall-to-free stream temperature
ratios and a series of values of the pressure gradient parameter - Two
physically meaningful classes of solutions are found to exist for the flow
profiles in an adverse pressure gradient with (d l//dY)w 2 0. The lower
branch solutions are typical of separated flow profiles with a region of

reverse flow adjacent to the wall, and thus are characterized by

(4yfay), <0.

Here, we use the Cohen and Reshotko solutions to the Falkner-Skan
equations to describe the distribution of velocity and enthalpy in the
attached and separated viscous regions of the shock wave-boundary layer
interaction. We decouple the velocity profiles from the pressure gradient
parameters with which they are associated in Cohen and Reshotko's solutions

I lay
and relate them to the parameter a (X) which is defined as 5 l#_

w
% % %
for attached flow and Y / 81 for separated flow, where Y is the dis-

tance between the wall and the point of zero velocity in the shear layer. We
further decouple the enthalpy profiles from the pressure gradient parameters
and the velocity profiles and relate them to the parameter b(X) which is
defined as'—-@— lii—:] , the enthalpy gradient at the wall in both attached and

aY [Swl,
separated flows. By specifying both a (X) and b(X), we define a unique
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pair of velocity and enthalpy profiles and also the integral properties

associated with these profiles.

3.3 The Integral Parameters

Now that the forms of the velocity and enthalpy profiles have been
selected and can be prescribed in terms of two independent variables, @
and b, the integral parameters, H,J, K....can be evaluated. These
parameters, which were calculated from the Cohen and Reshotko solutionll,
were fitted in terms of a power law series in @ and b by the method of least

mean squares. The functions G, H, J, Z, P, R, which are velocity

dependent, were fitted as a power series in @ and are of the form
3 z n
H=c¢c,+ca +c,a +- - - - ¢ca

These coefficients are listed in Table I.

The functions T, t, and Q are functions of both @ and b. We write

S"'.L.<_U_>aly

= o SW U“" = K‘a,b)
5.
S‘L "‘3_ LY G(a)
5 S5

;o 5‘ s, 2T _ I(b)

6‘1 U - G'(a')
f é - I) 2y
(7

The function I which is expressed as polynomials in b is also
shown in Table I. We have expressed K, a function of both @ and b, in

the form
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2
Ka.s:r‘ Co’r“f'C,’_b t C2r b +c3r

where r goes from zero to 1.60 in intervals of 0.1. The value of K is
obtained by single interpolation between the curves of constant @ . The

partial derivative of K with respect to b is written in the form

K 2
=T =C,.+ ZCZr'b +3Carb

celr

The value of this again is obtained by double interpolation between

curves of constant @ . To determine the partial derivatives of K with
respect to @ , Table IIis used and zK is determined using a similar
a
double interpolation technique from the form
K _ 2
a_a. ber - d’r +2d2r 24 +3d3ra
Rewriting Eqgs. (3.2), (3.13), (3.14), and (3.15), we have
Se dM !
€ = g— <M (H,T, C(H,T,
Me “ax  Res, (BT Mo g3/ (4T ) (3. 21)

) ﬁes {M (H, T, M ,7)/C(H T, Me)}(a’/l) - 6.22)
) /":f() Q’e {M,{ (H,T,Me:;%:(HI Me)}%-, (3. 23)

d"l* l .
Zx = ge M3 (H,T: Me’g)/c (H,T’ Me) (3. 24)

84.0
where
* . 2
§, = S x* = |Bze Yl UXo
R ~ 5: ? X, 2 ),

P2



and

Jo dH , CIfdg _ fox -k e
b MG +ﬁG_<da> .

_ v de da G Aa
da =~ £ K
¢ 76 * G B

C =8, ’”;,:’){T [Rti+1+5,0 - Pl Te25,TY +Q[FCi+145,8)HE ;r+2swrj}
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Equations (3.21), (3.22), (3.23), (3.24) are the differential equations
which are solved simultaneously to yield the variation of the basic

parameters a , b, M., and SR.

3.4 Technique for Solving the Integral Equations

To obtain detailed distributions of the properties throughout the
separated region, it is necessary to integrate the four nonlinear, simultane-
ous, ordinary differential Eqs. (3.21), (3.22), (3.23) and (3.24). A solution
to these equations can be found by prescribing the free stream Mach number

upstream and downstream of the interaction and free stream Reynolds
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number based on the distance from the leading edge to the beginning of the
interaction. We integrate these equations using the Adams-Moulton
predictor-corrector method with the Runge-Kutta method for starting the

calculation.

The integration of the equations is divided into a number of distinct
phases. These cover the regions (a) from the beginning of the interaction
to the separation, (b) from separation to the point of maximum displace-
ment thickness, (c¢) from a maximum displacement thickness to reattach-
ment, and (d) from reattachment to downstream of the interaction passing

through the neck region,

(a) Integration from the beginning of the interaction to the separation
point

In the high Mach number-low density regime, there is an inter-
action between the growth of the boundary layer and the outer inviscid flow--
the boundary layer displacement effect--upstream of the main interaction
under study. This secondary interaction causes the local inviscid flow
Mach number ahead of the interaction to be slightly less than the Mach
number of the free stream., The profiles of velocity and enthalpy will also
differ slightly from the constant pressure Blasius profiles, Because we
assume that the boundary layer profiles upstream of the main interaction
are self similar, the derivatives of M_, a and b with respect to 6}*
must tend to zero at the beginning of the interaction, thus M1 and M2 (?ee
pp. 17 and 18) go to zero as a —» a(Blasius), Expressing M1 and M,
in terms of 5*, as given by Lees and Reeves, it is easily shown that if

4

M., and M, go to zero, then R ¥, = f-: { and hence,
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The values of @ and b at the beginning of the interaction were determined

(9, =-Regn

by iteration such that M; = M, = My = M, = O and C # O,

The integration scheme was initiated with the values of :: , b, and
M _ obtained in the manner explained above at the point 8a= %’:— =1 .
Equations (3.21), (3.22), (3.23), and (3, 24) were integrated dowr:stream
with X as the independent variable, using the integral parameters deter-

mined from the unseparated profiles, until the separation point was

reached at which point & = 0.

(b) Integration from separation to the point of maximum displacement

thickness

The integration scheme is re-initiated at & = 0 with the values
obtained for 53", , f_-)uP and M_,”, together with the integral parameters
determined from the separated velocity and enthalpy profiles. Integration
proceeds with increasing SR until & reaches an initially prescribed value

a'stop' This value of a is related directly to the size of the separated

region and the total pressure rise across the interaction. This initial value
for a’stop is a trial value. By successive iterations on this parameter, we

.are able to match the condition prescribed from inviscid flow relations down-

stream of the interaction.
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{c) Integration from maximum displacement thickness to the

reattachment point

The Mach number is continuous across the point of maximum
boundary layer displacement thickness. The integration is re-initiated at
this point, using the final values for a , b, 8& , and M, obtained in the
preceding phase. The expression for 3 is rewritten in terms of the down-

stream conditions

Me <l+'m. m(; [Me]';):s>

= Re . 8 e
? eé‘:-:’ R M,g M, l+7’t-

The integration is continued with decreasing 8'~ until the reattachment

point is reached where & is again zero.

(d) Integration from the reattachment point to downstream of the inter-

action

Downstream of reattachment, the integration scheme uses the
attached profile characteristics. As the integration proceeds, 8( and Mg
decrease, a and b increase towards a local minimum in the boundary
layer thickness--the neck region of the flow, At this point M3 is zero,
Downstream of the neck, @, b, and SR increase and the Mach number
decreases with increasing X. The integration is terminated when Ml' M2
and M4—> 0 as @ —> a (Blasius); at this point the value of the Mach
number is compared with the reference value of the Mach number deter-
mined from inviscid flow considerations over the configuration studied; the

solution is iterated by changing a.“ep until an identity is obtained.
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4. APPLICATIONS OF THE ANALYSIS

Here, we consider the application of the analysis to study shock-
induced flow over an adiabatic wall and the general problem of shock wave -

boundary layer interaction with wall heat transfer.

4.1 Shock Wave-Boundary Layer Interaction Over an Adiabatic Wall

For the limiting case of sho¢k-induced separated flow over an
adiabatic wall, the equations governing the development of the interaction
region reduce to their simplest form. In an adiabatic flow, the energy
equation is satisfied identically throughout the flow. Thus, S, Sw’ and b
are zero in the interaction region. The method reduces to the solution of
the continuity, momentum, and moment of momentum integral equations,
Putting Sw = 0 in the expressions for the derivatives of Mg > 8&, b,

and & with respect to X, we obtain

aM. _ N,

Zx = 3 (4.1)

da _ N, [dHJ"

ax -~ D Aa (4.2)

28 _ N

ax - D (4. 3)
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M, =N, = (7”,',,—%/)[3&7 +@H+)R] +(P+4)(3TH-FT)
+[F-GH+1) [RH-#J"]'
e orp) e 2 —37)- o] o 2

C=D =(";-”__cﬂ) EJ-(ZHH)%‘] - E:'(ZHH)J [‘T—H ﬁ

These relationships are similar to those proposed by Lees and
Reeves for analyzing shock-induced separated flow over an adiabatic wall.
Because we intend to analyze both attached and separated interaction regions,
we specify the Reynolds number at the beginning of the interaction rather
than use the Mach number at separation as an input quantity. Thus, the
integration scheme described in Sec. 3.4 differs from that proposed by

Lees and Reeves.

As a check on the integration technique, a comparison was made
with the calculations of Lees and Reeves for shock-induced separated flow
on an adiabatic wall. Figure 3 shows a comparison of the variation of
3,{ » @, and Me with Reynolds number based on distance from the
leading edge obtained from the two solutions. The results are in very good
agreement. The slight difference between the solutions probably results
from a slight difference in the Rxo used. Pressure, S:.k/ 8:: and skin
friction distributions obtained from these solutions and presented in Figure
4 indicate that the quantities derived from the basic variables are somewhat

less sensitive to the accuracy of the calculation than the basic variables



themselves.

Calculations based on the solutions of Eqs. (4.1), (4.2), and (4. 3)

have been shown10 to be in good agreement with experimental pressure

13, 14

measurements over an adiabatic wall,

4.2 Shock Wave Boundary Layer Interaction with Wall Heat Transfer

4.2.1 General Nature "__ffﬁ}}_e Present Solution and Comparison with

Experiment

The present general solution of the shock wave-boundary layer inter-
action for a highly cooled wall satisfies simultaneously the integral forms of
the continuity, momentum, moment of momentum, and energy equations
throughout the interaction. From such a solution,the displacement thick-
ness 5‘:*, the local inviscid flow Mach number Me’ and 24 and b, the
parameters which characterize the velocity and enthalpy profiles, are
obtained.

A typical variation of these parameters in the interaction region in
highly cooled hypersonic airflow is shown in Figure 5. As the attached
boundary thickens under the presence of the negative Mach number gradient,
the skin friction at the wall, of which @ is a measure, decreases and the
enthalpy gradient b, a measure of the heat transfer, also decreases. In
this formulation of the boundary layer equations, laminar boundary layers,
in the absence of a pressure gradient, are subcritical regardless of the
degree of wall cooling. The boundary layer separates when & = 0; « is
redefined in the separated region ( @ = Y*/ 6”. *) and, in consequence,

describes the path of the zero velocity streamline in this region. As the
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boundary layer separates, Me and b continue to decrease until at the point
of shock impingement b reaches a minimum, and the Mach number gradient
is small (reflecting a region of approximately constant pressure--the

plateau pressure). At reattachment, @ is again zero and b returns to
approximately the value which it held at the separation point. The Mach
number gradient, which reaches a maximum at the reattachment point,
reflects the strong interaction in the reattachment region., At the end of

the interaction, the profile parameters @ and b approach those corres-
i)onding to the constant pressure attached profile (the Blasius profiles) and
the Mach number asymptotes to the value derived from inviscid flow

calculations.

Once a solution has been obtained in terms of the basic parameters

M, 2 , b, and 8", it is a simple matter to deduce the variation of
pressure
' 7/
+© | + n, (/7’ I)
= 4.4
7. I+ m, (-4
heat transfer 37-1
2(r-1)
?, [I+ n, 1 G b
=T - 4.5
2 )+ m, 8, G b, (4.5)

and skin friction
¢ P Py )
C# ﬂ P@,) 8:

(4. 6)

The distribution of heat transfer and pressure calculated from the
parameters, Me’ 82 » @ >and b, is shown in Figure 6. Here, both

Prandtl-Meyer and linearized theory have been used to relate the distribution
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of inviscid flow Mach number to the local inclination of the outer edge of the
viscous shear layer. For the example shov-/n here, there is little difference
between calculations based on the two representations. Also shown for
comparison in Figure 6 are the heat transfer measurements by Holden12 and
pressure measurements by Needhamls on Mach 10 airflows.

The calculated pressure distribution is in very good agreement with
the experimental values. It is interesting to note that for this calculation
the pressure rise to separation is approximately one-half of the pressure
rise to shock impingement, and the separation point occurs at the inflexion
point of the pressure distribution in that region. These features have been
observed experimentally in laminar shock-induced separated flows over a
range of free stream conditions and, in some studies, have been used to
define the separation point.

The calculated heat transfer distribution is in good agreement with
experimental values in the attached flow region, but the theory underestimates
the decrease in heat transfer in the separated region. The theoretical
analysis presented here indicates that the point of minimum heat transfer is
coincident with the point of maximum displacement thickness. Although the
measurements given here and those reported by Bogdonoff and Va516 sub-
stantiate this feature, similar measurements in shock-induced flow by
Miller, Hyman, and Childs17 indicate that the point of minimum heat trans-
fer occurs at the separation point. The latter work indicates that separation

occurs almost at the end of the rise to the plateau pressure.

The reattachment theory proposed by Chapman18 assumes that re-

attachment occurs at the end of the pressure rise in the reattachment region.
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The calculations presented here indicate that the reattachment pressure

p. _ P
ratio ul plateau is more nearly one-half as compared to Chapman's

final ~ Pplateau
value of unity, Lees and Reeves showed that Chapman's assumption was

equivalent to ignoring the shear gradient, d?/dy , across the dividing stream-
line, The position of the point of maximum heat transfer in the reattachment
region was found in all calculations to be coincident with the end of the re-
attachment pressure rise. The experimental evidence presented here and in
Refs. 12 and 17 also substantiate this result. The heat transfer rate at the

reattachment point is only a fraction of the maximum value.

Two further comparisons between the theory and measurements for
wedge separated flows are shown in Figures 7 and 8. In these calculations,
the effect of the interaction between the compression fan generated in the
separation region and the reattachment compression process is not considered.
Figure 7 shows the theoretical and experimental distributions of pressure and
heat transfer in the unseparated flow over a flat-plate wedge model. To
obtain this solution, the computer program was modified to incorporate an
iteration logic described in Sections 3 and 4 capable of working with both
attached and separated profiles at the point of maximum displacement thick-
ness. The theoretical pressure and heat transfer distributions are in close
agreement with both the form and magnitude of the experimental values. The
cusp-like shape of the experimental heat transfer distribution in the region of
maximum displacement thickness is displayed in the calculations. However,
as noted earlier, the theory tends to underestimate the decrease in heat

transfer rate in this region. The calculated pressure distribution also has
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the uniform rise through the interaction characteristically found in shock-

induced attached flows.

A comparison between the theory and measurements in a well
separated flow is shown in Figure 8. The calculated pressure and heat
transfer distributions are again in close agreement with the experimental
values despite the fact that the form of the distributions now differs
markedly from the attached-flow profiles. The pressure distribution now
exhibits a region of approximately constant pressure bounded by the large
pressure gradients in the separation and reattachment regions while the
distribution of heat transfer has the concave form in the plateau region

typically found in well separated flows.

4.2.2 The Development of Regions of Shock-Induced Separated Flows

A series of calculations was made to study the variation of shape
and size of the pressure, heat transfer, and skin friction distribution as
the strength of the adverse pressure gradient causing the interaction was
varied. The results of this study are shown in Figure 9 for shock gener-
ator angles between 3. 95 and 6.25 degrees. The interaction caused by the
3.95° generator angle was of insufficient strength to cause the flow to
separate, as can be seen from the skin friction distribution shown in Figure
9a. When the angle of the shock generator is increased, the flow separates,
with the resulting region of reverse flow indicated by the negative skin
friction coefficients on the surface of the flat plate. These calculations and
those for adiabatic flows (Figure 4) indicate that in large separated regions

the skin friction coefficient in the reverse flow region is approximately

35



constant at a small fraction of the attached flow valﬁe at the beginning of the
interaction, The form and development of the skin friction distributions
are in qualitative agreement with skin friction measurements made in shock-
induced attached and separated flows by Hakkinen, Greber, Trilling, and

Abarbanell 3.

As the strength of the incident shock is increased, the pressure:
disturbance propagates forward from the point of shock impingement. The
character of the pressure distribution changes from an approximately linear
rise through the attached interaction region to a form characteristic of
separated flows, This form is typified by strong pressure gradients in the
separation and reattachment regions bounding the region of approximately

constant pressure (the plateau pressure) at the foot of shock impingement.

The theoretical development of the distribution of heat transfer in
externally generated shock-induced flow is shown in Figure 9c. Shown for
comparison in Figure 10 are experimental heat transfer distributions in
wedge- and shock-induced interactions given in Ref. 12. It is apparent
from a comparison between the two figures that the qualitative development
of the interaction region described by the theoretical model clogsely parallels
the development observed in the experiments. The most striking feature of
the analysis is that it predicts the change in character of the heat transfer
profiles from a cusp-like distribution in the attached flow to a rounded con-
cave form when the flow is well gseparated. These changes in the form of the
pressure and heat transfer as the boundary layer goes from the attached to
the separated condition have been used in experimental programs12 as

criteria to detect incipient separation.
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4.2.3 Incipient Separation

Incipient separation occurs when the strength of the interaction is
just sufficient to cause the boundary layer to separate. Under this condi-
tion there is one point only in the interaction region at which the skin friction
is zero. In a well-separated region, the gkin friction is zero at both the
separation and reattachment points; at the incipient condition these points
are coincident. Because it is difficult to make accurate gkin friction
measurements in high-speed tunnels, other separation criteria have been
proposed which are based on more easily measured quantities, such as

pressure and heat transfer,

An examination of measured pressure distribution in regions of
shock-induced separated flows has indicated that a well-geparated flow is
characterized by a region of approximately constant pressure (the plateau
pressure) in the region of shock impingement. As the severity of the
adverse pressure gradient promoting separation decreases, so the size of
the plateau region becomes smaller until,in an attached interaction region,
the pressure rises in a uniform manner throughout the interaction. The
incipient separation condition has been defined experimentally by locating
the condition under which the plateau region is vanishingly small, i,e.,
reduced to an inflexion in the pressure digtribution. Another separation
criterion tentatively suggested on the grounds of experimental evidence was
based on observing a change in the form of the distribution of heat transfer
in the interaction region as the strength of the interaction was varied.
Measurements have indicated that the incipient separation condition coincides

with a change in heat transfer distribution from a cusp-like profile, typical

37



of the profiles in attached flows, to the rounded concave form observed in
well-separated regions. Both of these criteria have been developed from
experimental observation without any firm backing based on theoretical

analysis.

The pressure and heat transfer distribution calculated from the
present theory, and shown in Figure 9, exhibit the characteristic trends
which have been observed in the experimental studies. The plateau pressure
region which typifies a well-separated flow, shrinks as the strength of the
interaction decreases, to a mere inflexion in the pressure distribution for
conditions close to incipient separation., The rounded form of the heat trans-
fer profiles in the region of shock impingement is a well-separated flow
change to a cusp-like form at incipient separation. Thus, this theoretical
evidence substantiates, for the first time, the separation criteria based on

observation from experiment.

A computer program was formulated to calculate the strength of the
free interaction required to cause the incipient separation of a laminar
boundary layer in a flow at a given Mach number and Reynolds number.

This program was used to calculate the angle of the shock generator required
to cause incipient separation at the free-stream conditions

(Re = 1.35 x 105/in; M= 10, SW'-'-—O. 8) in the experimental studies reported
in Ref. 12. A generator angle of 3,95° was calculated to produce incipient
separation; the distributions of pressure, skin friction and heat transfer for
this condition are shown in Figure 9. The shock generator angle determined
from experiments with wedge~- and shock-induced interactions for these

conditions was 4.2°. This good agreement between theory and experiment
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tends to justify the use of the integral representation and the Cohen and
Reshotko velocity and enthalpy profiles to describe the development of an
attached boundary in an adverse pressure gradient. Further, this agree-
ment implies that for the flows studied, the pressure gradient developed
normal to the surface is not the dominant factor in the mechanism of

boundary layer separation in a free interaction.

5. CONCLUSIONS

An analysis has been formulated which describes the laminar viscous
and inviscid flow fields in regions of highly cooled shock wave-boundary
layer interaction. In this method the integral forms of the continuity,
momentum, moment of momentum, and energy equations are used to
describe the development of the viscous layer and its interaction with the
outer inviscid stream. These equations are solved simultaneously by
numerical integration to yield a continuous solution over the entire inter-
action. The analysis has been compared with experimental measurements
in regions of shock wave-boundary layer interaction in hypersonic air flows

over adiabatic walls and with heat transfer.

For the limiting case of shocke=induced separated flows over an
adiabatic wall, the energy equation is redundant since it is satisfied auto-
matically throughout the interaction. The problem is thus simplified to a
solution of the continuity, momentum, and moment of momentum equationas.

The present solutions for the Mach 6 adiabatic flow are in excellent agree-
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ment with the Lees and Reeves analysis and also with the experimental

pressure data.

The theoretical analysié has been compared with e#perimenta.l studies
of highly cooled regions of shock wave-boundary layer interaction induced by
shock impingement on a laminar boundary layer, and by the adverse pressure
gradient developed at a flat-plate wedge junction. Theoretical heat transfer
and pressure distributions were generally in good agreement with experi-
mental measurements for both attached and separated interaction regions in

a Mach 10 airflow.

A geries of calculations was made using the present method to study
the variation in pressure, heat transfer and skin friction distributions as the
strength of the adverse pressure gradient causing the interaction was varied.
The change in form of the theoretical pressure distribution as the strength of
the interaction increases is very similar to that observed in many experi-
ments: a uniform pressure rise across the interaction characterizes the
attached flow on a weak interaction region, while separated regions induced
by strong interactions exhibit the characteristic constant pressure (plateau)
region in the neighborhood of shock impingement. The predicted change in
the form of the heat transfer and skin friction distributions from a cusp-like
profile in an attached flow to a rounded concave form in a separated flow has

been observed in experimental studies.

The final application of the present theory has been to study conditions
under which a flow will just separate, i.e., incipient separation. This has

been the object of many experimental studies. Criteria for determining



incipient separation iﬁ previous experimental studies have been based on
changes in the form of the skin friction, pressure, and heat transfer dis-
tributions as the strength of the interaction was increased. These criteria,
previously based only on experiment, are strongly supported by the calcula-
tions described in the present paper. This calculation predicted that a shock
generator angle of 3. 95° would cause incipient separation. This value is in

excellent agreement with the experimental value of 4.2°.

The generally good agreement with experiment of the predictions
from the present theory is very encouraging. However, the full range of
the validity of the analysis can only be assessed by further comparison with

experiment. Accordingly, the study is being continued with this objective.
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